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Abstract 

The space of diffeomorphisms of the circle modulo boundary values 
of conformal maps of the disk. The Sobolev 3/2 norm on the tangent 
space space at id of the space of diffeomorphisms of the circle modulo 
boundary values of conformal maps of the disk induces the only Kahler left 
invariant metric defined up to a constant on the space of diffeomorphisms 
of the circle modulo boundary values of conformal maps of the disk. We 
proved before that the completion of the holomorphic tangent space at 
the identity of the space of diffeomorphisms of the circle modulo boundary 
values of conformal maps of the disk with respect to the Sobolev 3/2 norm 
can be embedded as a closed Hilbert susbspace into the tangent space 
at a point of the Segal- Wilson Grassmannian. It was established in our 
previous paper that the natural metric on the Segal- Wilson Grassmannian 

*The author was supported by Max-Plank Institute fur Mathematik, Bonn during the 
preparation of this paper. 
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is Kahler has a negative sectional curvature in the holomorphic direction 
bounded away from zero and the exponential map is a complex analytic 
biholomorphic map from the tangent space of a given point of the Segal- 
Wilson Grassmannian to the Segal- Wilson Grassmannian. In this paper 
we prove that the completion of the space of diffeomorphisms of the circle 
modulo boundary values of conformal maps of the disk with respect to 
the left invariant Kahler metric is complex analytically isomorphic to the 
closed totally geodesic closed Hilbert submanifold in the Segal-Wilson 
Grassmannian using the exponential map. The new proof is much simpler 
and avoid the technical proof that the change of the coordinates is complex 
analytic. 
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1 Introduction 



1.1 General Remarks 

The recent developments in string theory and the study of the theory of infi- 
nite dimensional completely integrable systems renew the interest in the study 
of differential geometric properties of infinite dimensional complex manifolds. 
Donaldson in [S] and [Hj proposed the study of the existence of canonical metrics 
on certain complex manifolds by the study of the differential geometry of some 
infinite dimensional manifolds. 

The geometric aspects of the space T°° BifE^ (S'^) /P§Ui,i , where 
Diff^]^ (^S^) is the group of C°° diffeomorphisms of the circle preserving the 
orientations and, PSUi^i is the group of conformal maps of the unit disk re- 
stricted to its boundary were studied in [19] . It is a well known fact that there 
exists a unique up to constant left invariant Kahler metric on T°°. In [12] we 
prove that the holomorphic curvature of the left invariant Kahler metric on T°° 
is negative. We prove that the completion of T°° with respect to the left invari- 
ant Kahler metric defines Hilbert complex manifold structure on T°° modeled 
by the Sobolev 3/2 norm. 

In this paper we give a new proof of one of the main Theorems in [19) : 

Theorem. The completion T^/"^ of T°° with respect to the left invariant 
Kahler metric defines Hilbert complex manifold structure on T°° modeled by the 
Sobolev 3 /2 norm. 

The proof presented here is much simpler than the proof we gave in jT9] . 
Our new proof is purely differential geometric. It is based on two facts. We 
can embed the tangent space Tid^T°° at id e into the tangent space at 
some point isomorphic to the Hilbert space of Hilbert-Schmidt operators onto 
T°° of the Segal- Wilson Grassmanian Groo isometrically. We observed that the 
exponential map defined by the left invariant Kahler metric on Groo is a complex 
analytic diffeomorphism from the tangent space at any point onto Groo. Thus 
T^/^ is the image of the completion of Tid.T^ in the tangent space at some point 
of Groo under the exponential map. Thus we avoid the technical check that the 
transition functions of one open set to another are complex analytic functions. 

In this paper we simplified also the proof of the embedding Theorem given 
in [19]. We gave a necessary and sufficient condition for the boundary values 
on the unit circle of a holomorphic function to have —3/2 finite Sobolev norm. 
This fact is simple and helps to simplify the proof of the embedding Theorem. 

A Theorem of Kuiper states that any Hilbert manifold is isomorphic to an 
open set in a Hilbert space. We believe that our proof of the compatibilities of 
the unique Kahler metric and the complex analytic Hilbert manifold modeled 
after 3 /2 Sobolev, norm is very natural and simple in view of the above Theorem 
of Kuiper. 

Some of the results in the paper [20] are closely related to our results obtained 
in [19]. 

We have included an Appendix in which we gave proofs of the two main 
results obtained in }19j about the properties of the left invariant metric that we 
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use in the paper. This is done to make the paper completely self contained. 

Acknowledgement 1 The second author would like to thank R. Friedrich and 
B. Khesin for their interest in this work and the help in improving the paper. 
R. Friedrich pointed out that the paper fS^ maybe is related to our paper. 



1.2 Outline of the Proof of the Existence of Sobolev 3/2 
Hilbert Complex Structure on T°° 

The new proof of that the completion of T°° with respect to the left invariant 
Kahler metric defines Hilbert complex manifold structure on T°° modeled by 
the Sobolev 3 /2 norm is based on three facts: 



Fact 1. Let iJ,^{z) := — \z\ j (z) , -0 (z) is an antiholomorphic function 
on the unit disk D, and 

(1) 



— 3/2 

where H^i ^ is the space of the restrictions of holomorphic functions on the 
unit circle with finite —3/2 Sobolev norm. Then we have 



sup = IIV- (2)IIl~(d) < C'V' < °°- 

kl<i 



(2) 



This fact was proved also independently and very elegantly in [20 . 
Fact 2. Let us define 

m-^'^ (D) 

{^i4z)\\\\^,^iz)\\\^^<oo, di,{z)^o, & eH-?/'}. 

We will define a Hilbert structure on H^^'^ (D) . It will be based on the following 
non degenerate pairing on the unit disk D, H^-'^'-'^ (D) x H^f'^^^ C given by 



(3) 



(^^(z),ry(z))|„i 



-1 



2tt 



1 



tjj (z) (z)?7 {z)dz A dz 



2tt 



fj,^{z)r] {z)dz A dz. 



(4) 



Direct computations show 



2tt 



fi^{z)ri {z)dz A dz 



< oo. 



H ^'^ (D) is the L'^ dual to H^f '^^ by the pairing Q and thus it is isomorphic 

3/2 11 3/2 

to Hgi We will give an explicit isomorphism between H" ' (D) and tigi ,j- 
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Let 



n>2 



n>2 



n{n + l)(n + 2) \z 



n-2 



It is easy to see that ^ implies 



z 



SI 



Consider the map F : H (B) H„i given by 



F Mz)) = * 



SI 



We define a Hilbert norm of H ■ (D) as follows: 

2 ii.T,^ M|2 



\ J ,ql 



(5) 



(6) 



(7) 



(8) 



We will show that completion of the tangent space Tid.T^^ with respect to the 
left invariant metric is isomorphic to the Hilbert space H^^'^ (D) with the norm 
defined by © . 

3/2 

This observation has the following interpretation; The space H^i ^ can be 
identified with a quadratic differentials 



®2 



which is isomorphic to completion of the holomorphic cotangent space firpo^ with 
respect to the left invariant Kahler metric when ^ (7) G H^i 



3/2 



-1.1 



dz } 



3/2 

Hgi ^ can be identified with the completion of the tangent space Tid^^aa and the 

duality is given by the contraction of -0 (7) (7))^^ with the Poincare metric 
on D. The Poincare metric induces the left invariant Kahler metric on T°° . Thus 
the space H~^'^ (D) consists of harmonic Beltrami differentials /i^ [dz ® 
with respect to left invariant Kahler metric. 

Fact 3. In this paper we give a new and simpler proof of the following fact 
proved in [1^ ; The map 

L : fJ-^iz) ker (9 - ^^,8) 

where /x^ is such that H/^i/illLoo^D-j < < 1 is an embedding into TH+,Groo- 
From here we can conclude that i (Et"^'^ (ID)) is closed Hilbert subspace in the 
tangent space Tj^+^f^^^ which is the Hilbert space of Hilbert-Scmidt operators 
T : H+ H^. H+(H~) are the space of the boundary values holomorphic 
(antiholomorphic) functions in the unit disk with a finite li'^{S^) norm. From 
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here we can conclude that l{M (D)) is closed Hilbert subspace in the tangent 
space TH+.Gr,, - 

We observed in [12] that the left invariant metric on Groo is Kahler and it 
has a negative holomorphic sectional curvature bounded away from zero. From 
this fact we derived that the exponential map 

exp : Tk+.Groo Groo 

is a complex analytic diffeomorphism. 

Nag proved that T°° together with the left invariant Kahler metric can be 
embedded isometrically into Gr^o ■ Thus we can conclude that the left invariant 
Kahler metric on T°° modeled by the Sobolev 3/2 space oiTid.T°° has a negative 
holomorphic sectional curvature bounded away from zero. The result of Nag 
implies that the completion T"^/^ of T°° with respect to the left invariant Kahler 
metric on T°° will be complex analytically isomorphic to the totally geodesic 
complex analytic Hilbert submanifold exp (t (H"-'^'^ i^))) iii Groo- 

2 Preliminary Material 

2.1 Basic Notations and Definitions 

Notation 2 Let D := {z e C||z| < 1} and D* := {i e C ||z| < 1} . We recall 
that the Schwarzian derivative of an analytic function f is defined by 



that sup 



im] (-) = Y~l {t) 

(i-kl')'v^C 
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Definition 3 Let ^{z) be antiholomorphic function in the unit disk. Suppose 

2 

'[z] 



< k <1. Define 



M,(.) = | (l-I^O . (9a) 

i 0, z D 

Then by abuse of notation define the Beltrami differential 

-^^ t^i>[z) I az (g) — 

Notation 4 We will call the operator 9^^, := 9 — ^,^{z)d Beltrami operator. 
This space we will denote it by (D) . 

We will used the following Theorem of Ahlfors and Weill stated bellow. The 
proof can be found in page 100 of [7]: 
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Theorem 5 Let ^ (z) : B)* C be an univalent function that can be extended 
to a quasi- conformal map of the Riemann sphere CP"'^. Let 



oo / 1 \ fe 



x['(z) = z + ^aj-) , 5[<i>(z)U,]=^&.(zr'= (10) 

fe=l ^ ^ fc>4 

for \z\ < 1. Let 

-Hi -I.Pf«-M, M<: ,,,, 

Then, for the quasi- conformal mapping on the Riemann sphere satisfying 

we have that tp {z) = 5 [<& (z)|]D).] and "I>^^^ (^)|d* ^ ^ (•^) ^'^^ univalent func- 
tion on D* defined by l\10\i . 



Definition 6 We will define: T°° := Diff"!^ (S^) /FSVi.i . 

Definition 7 Let M be an even dimensional CP° manifold, T be the tangent 
bundle and T* be the cotangent bundle on M. We will say that M has an almost 
complex structure if there exists a section L e C°° {M, Hom{T* ,T*)) such that 
/2 = -td. 

This definition is equivalent to tlie following one: 

Definition 8 Let M be an even- dimensional CP° manifold. LfT'^(^^C — fl]^ (B 
n]^^ is a global splitting of the complexified cotangent bundle such that OPj^ = 
, then we will say that M has an almost complex structure. 

Definition 9 We will say that an almost complex structure is an integrable one, 
if for each point x gM there exists an open set U CM such that we can find local 
coordinates z^, .., z" such that dz^, .., dz" are linearly independent at each point 
m gU and they generate fl^'°\u- 

Notation 10 We define: 

H+ = e H{B)\ f{z) = ^a„z" & ||/(z)f = ^ |a„|^ < J\ (12) 

and 

H- = <! g(z) e H{W)\ f (z) = Y^bnz-- & \\g {z)\f = ^ \b„f <^\. (13) 

n>0 



?i>0 ri>0 
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Definition 11 We define H^i ^ to be the space of all holomorphic functions 
g{z) on D* such that the restriction of g [z) on the boundary of D* is an 
element of the Hilbert space with a Sobolev a norm, i.e. 

oo 
n=0 

where a is any real number. 

Remark 12 In this paper, for convenience, we shall use the following notation 
to the norms 3/2 and —3/2, which are equivalent to the Sobolev 3/2 and —3/2 
norms: 

oo oo I 1 2 

2 |a„| 



I-9II3/2 := {^'^ - 1) l^nf and ||5ll^3/2 — 



^ n (n^ — 1) 

ra=2 n=2 ^ ' 



Remark 13 Let — ^^'^^I-C ^'^^ ^ ^s^h complex valued func- 

k>2 

tions on S^. The L^i pairing between IHIg(''^ and H^f'^^ is defined by 

oo 

(v^i,^2) = E«fc«!- (14) 

fe=2 

T/ie pairing ([7^ is a non-degenerate pairing. 

2.2 Left Invariant Kahler Structures on Diff^(5i) /PSUi i 

The complexified tangent space T^j^^j^^fY^ (S'^) /rsvi i at the identity can be de- 
scribed as follows: 



T'jd,Diff~(si)/psui,i ® c = <^ ^^^"^de 



Thus we have a splitting: 



where 



^id,Diff~(Si)/PSUi.i ~ { ^^^^ dO 



The complexified tangent space Ti^j Diffoo^gi^^pgu^ ^ at the identity is presented 
as follows 



T'id,Diff~(Si)/PSUi,i — ^ij,Diff~(Si)/PSUi,i ® ^id,Diff~(Si)/PSOi,i " 
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Thus a left invariant almost complex structure on the coadjoint orbit and T°° := 
DiffJ]?(S'^) /PSUi.i was defined. It is proved in [16j that this complex structure 
is integrable. 

We will define the analogue of the Weil-Petersson metric on T°° . It is proved 
in [S], [3], [22 Etnd [H] that the Weil-Petersson metric is unique left invariant 
Kahler metric defined up to a constant on T°° . 



Definition 14 Let 



\n>l 



{n-2)e _^ p yl.O 



Then the 'norm\\f{e)-^\\^p of /{O)-^ is given by 



fiO) 



W.P. 



\a„ 



n>l 



12 



(15) 



3 Preliminary Results 



3.1 nj^j^ and the L°° Norm 



Theorem 15 Let H^f '^^ be the Hilbert space defined by Definition Let 

oo 

\z} < 1. Suppose that ip {z) — ^^00 (7)" is a holomorphic function de- 



n=2 



fined on B* such that -0(2)151 S Hg^^. Let i/j (z) — ^^a„ ( 



/—•,n-2 



The 



n=2 



(1 - |z|2)^ 10 (z) I < C for z e B, I.e. \z\ < 1. 

Proof: The proof of Theorem [12] can be find in 20] . We will repeat the 
proof given in [5^. The condition 0'(z) \si € ^s'^^h ^nsans that we have 



H 



-3/2 

si ,h 



E 

Tl>2 



n (n^ — 1) 



< 00 



(16) 



Let bn 



IV'(^)I< 



Then Cauchy-Schwarz inequality implies that 



1 \b„ 



1/2 



J2n {n^ - 1) 1^1 



2n-4 



1/2 



for every z e B. Since 



(17) 



5:n(n^-i) \zr-' 



n=2 



I - z 



(18) 
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we get that ^ and ^ imply that (l - jzp) (z)| < C. So Theorem [H] is 
proved. ■ 

Theorem 16 Suppose that (z) ~ ^^a„2" is a holomorphic function defined 

on D such that ip (z) I51 G H^f''^^ . T/ien for some real a such that < a < 1 
we have 



\z\^l{l-\z\) 



(19) 



Proof: Since tp (z) is an atiholomorphic function, then the maximum prin- 
ciple shows that the function max |7/;(|2:|)| = ipM is an increasing function. 

r=|z|<l 

Suppose that lim ip(r) —00. Theorem 1201 implies that 



[l-\r\')\{r) = {l-\r\f{l + \r\f^ir) 



< C. 



So we get that 



'0(r) 

lim — r-rT77 — < 00 



1-^00 (1 — \r\)" 

for some < a < 2. Easy computations in polar coordinates show that 

2 



(20a) 



(1 - |z|') \^{z)\'dz A dz = U (^) y IIh-/^^ 



3/2 

Thus the assumption that ip (z) I51 G ^ implies that 



< 00 



(l~\zfy\ilj{z)fdzAdz 

Using polar coordinates (PT|) implies that 

1 1 
((1 - |r|) (1 + |r|) \ijir)\)dr < 4 / ((1 - |r|) |i^(r)|) dr < 00. 



(21) 



The last inequality and ()20ap imply that 



|2| = |r| 

for < a < 1. Theorem 1161 is proved 

r-3/2 



lim sup |V'(z)|(l~r-)"" = C>0 



0<r<l, ! — ►! 



Corollary 17 Let V'(z) |si e H<,r,;^ . Then 



= 0. 



(22) 
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me 

71 — 2 

the linear functional on H^^f^^ as follows: 



3.2 Duality 

oo 

Theorem 18 Let ip{'z) — ^^On ("s)""^ and iIj{z) I51 G H^f . Let us defir 

71 — 2 

on H~f 

L^viz)) ■=^J {l-\z\')%iz)W)dz^d^^. (23) 

D 

where r]{z) is a holomorphic function on D* such that ri{z) I51 £ Hgf^j^ . Then 

1. The linear functional L^{rj{z)) defined by ([23]) is continuous, 

2. The map 

^{z) Isi = Hz) Isi G H-f/f -> e H'/' - i/om (fl^f/f , c) 

is a canonical isomorphism between H^f''^'^ and its dual Hg(^^^ with respect to 
the L|i. 

5. Lei 5" (z) 6e defined by ([5]) . T/ien iwe /lawe the following formula: 

L^iviz)) = (vf {9) , = im, ^W)h-;= • (24) 

T/ie map ?/> — s- v[/ defines an isomorphism between H^(^^ and Ham ^H^f '^'^ , . 
Proof: Now we will proceed with proof of Theorem [T51 

Lemma 19 Let \z\ < 1. Let ip (z) — y~^a„ (-j)" ^ be a holomorphic function 

n>l 

in D* suc/i i/iat ^ (z) I51 G H^f'^^ . Let ms define ^ (z) fey Q . Then 



Proof: Let ip (z) — ^^a„(z)" ^ be the antiholomorphic function in the unit 

n>2 

disk D defined by the coefficients a„ of V'(^) by . The assumption ip (z) I51 G 
3/2 

Hgi ^ implies that 

00 I |2 

2 |a„| 

„-3/2 = > — < 00. 

n— 2 ^ ' 
00 

The definition ([5]) of (z) = ^^^n ("z)" states that the coefficients 6„ of (z) 

are given by 6„ = „(,°ii"_i) ■ From here we get that Sobolev 3/2 norm of ^' (z) jgi 
is given by 

^'•'^ „=2 n=2 {n(n^-l)) 
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a,. 



n— 2 ^ ' 

Lemma [THl is proved. I 

Lemma 20 Let -0^ (z) &e two holomorphic functions in D* such that 

CO 

V. (z) \s^ = ^.(^?) = ^a:,e-^-("-^)'^ e H^;^/,^ . 

n=2 

oo 

Let ipi{'z) = y~^a^ (z)"^^ &e i/ie anti holomorphic functions on D swc/i i/iai 

Tl = 2 

ipi (z) 1 51 = ipi{0). Then the following formulas hold: 

{M9),M9))u-V2 ■.= :^ [{l-\z\YM'^)M^dzAd^<oo (25) 
"si,h 27rJ 

D 

Proof: The definition of the Hardy space H^^^'^^ impHes 



00 1*1'^ 

0. (z) e H-f/f ^ ||V;J^-3/. = E;^(g^ < 00 (26) 

for i = 1 and 2. By the definition of the scalar product in tlic Hilbert space 
Hgf '^^ we have 

si A n=2 ^ ' 

Direct computations show that 
1 



— I il-\z\-'fM'S)^2iz)dzAdz 



y \n=2 / n=2 ^ ' 

The facts tliat ij^i (z) & ?/;2 (z) I51 S H^j^"^^ and Cauchy-Schwarz inequahty 
imply that the power series in ([28]) converges. Comparing formula ([28]) with 
(|?7|) we derive formula Lemma [^D] is proved. ■ 

Lemma 21 Lei ^6 a holomorphic function in D swc/i </iat ■(/' (^) G Hg^^'^'^ . 
r/ien /or each holomorphic function rj{z) on D* such that rj {z) jgi S H^^'^^^ 
a77.(i ||''7||?x-3/2 = 1, we have 



max \L^{f^)\ - (vI/(0),VXf?)>L.(si) = IIV-IIh-v^ = ||*||^3/. 



(29) 



-3/2 
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Proof: (pS)) . (pS)) ■ the definition L^{-q{9)) = {i/JtI]) -3/2 and Cauchy 

si ,h 



Schwarz inequality imply that 



H 



-3/2 



Since we assumed that ||77||^-3/2 = 1 then 



\LAvm\ 



(■0,?7) 



H 



< IIV-IIh-/^ 

Sl,h 



Let 77 = So we have 



A. 



(0) 



H 



The definition ([3]) of ^'(z) implies that 



II^IIh- 

Q 1 



3/2 



^^n{n + l){n + 2) 



II^IIh-^/^ 

Sl,h 



Lemma is proved. ■ 

According to Lemma [5T] we have 



max |L^,(V'2(6'))| = IIV-iIIh-^/ 



si ,h 



3/2 



Formula ((^ , the expressions for (0) given by © and r]{z) j^i G H^^ ^ 
imply that 



Sl,h 



anhn 



nfn^ — 1) 

n>l ^ ^ 



(30) 



This fact implies that the linear functional defined by is continuous on 



'H-gV^ ■ Thus L^p e { 'Rgt'i'^ ) = H^''i^^ and the map 



-3/2 



r3/2 



(31) 



is linear and continuous. Formula implies that since we can choose ■01 = 
the map ([?T|) has zero kernel. Part 1 and 2 of Theorem [15] are proved. ■ 

Let 77(2) be any antiholomorphic function on D such that 



1/2 

.h ■ 



n>l 
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Formula ((25|) . the expressions for "^{9) given by ^ and 77(2)151 G H^^'^'^^ 
imply that 

(*W,^W)L^(5^)-(^,^>H-f;^ =E;£^^- (32) 

n>l ^ ^ 

Comparing (PS)) and ([5^ we get that 

|2\2„;,/-\~7=^ 



(V'(^?),^W)h-v^ - il-\z\ymmdzAdz^{M>{0),r^{e))^,^,,y (33) 

si,h J 

D 

Thus part 3 of Theorem [TSl is proved. ■ Theorem [181 is proved. ■ 

3.3 Geometric Interpretation of the Duality 

The motivation for the proof of Theorem[21]is the generalization of the following 
fact about the finite dimensional Teichmiiller Theory to the infinite dimensions. 

Let i? be a Riemann surface of genus g greater than, or equal to two. Let go 
be the metric with constant curvature in R. Let Tg be the Teichmiiller space of 
all Riemann surfaces of genus It is a well known fact that the holomorphic 
tangent space TrH.Tg is isomorphic to the space Hi (i?, Tj^'°) of harmonic (0, 1) 
forms with coefficients in the holomorphic tangent bundle with respect the met- 
ric of constant curvature on R. The cotangent space fl^.'^ rp is isomorphic to the 



space H'^ ^i?, j of holomorphic quadratic differentials. See [T]. 

The Serre duahty ^i/" (^R, (n]f^ ^ = Hi (i?, T^°^ , is given explicitly 
as follows; Let z — x + iy, 



and '^'^^^'^y .i be the metric with constant curvature on D, which is the uni- 
versal cover of R. Then 



(«.)(..)-). ((i-Nf^«| 



(1- |z|')%(z) [dz®^^ etf (i?,r^'°) . 

will be a harmonic element of H^ [R^T^f'] with respect to go- 



Theorem 22 The completion ofTid^Tx> with respect to the left invariant Kdhler 
metric on T°° is a Hilbert space (Tirf_T°°)^^^ isomorphic to to H^(^^. The com- 
pletion of f^i(j%oo with respect to the left invariant Kdhler metric on T°° is a 

/ 1 \ ^"^/"^ —3/2 

Hilbert space ( fl^^ ,poo 1 isomorphic to to Hgi ■ 
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Proof: The proof of Theorem follows from the following Lemma: 

Lemma 23 1. The holomorphic cotangent bundle il^^ rj,^^ at id G T°° is canon- 
ically isomorphic to the space 



(z) (dz)®' V (2) = ^a„ (z)" and |z| < 1 I , (34) 



where ?/;(z)|si is a C°° function. 2. The holomorphic tangent space Ti^.T-^ at 
id e can be identified with all Beltrami differentials 

{l-\z\'^fij{-z)l^z®-^^=li^l^®Y^, (35) 

where V'(^)lsi a C°° . 

Proof of part 1: According to [17] the space T°° can be viewed as the 
deformation space of all complex structures on the unit disk B. The holomorphic 
cotangent bundle fi^^ at id G T°° can be identified with the space of all 
holomorphic quadratic differentials 

where {■^) is the Schwarzian of a univalent function (^) on the complement 
of the unit disk. This follows from Theorem [5l So we have 



7 ) = (7 



n>4 



and it is a complex analytic function in C — D = D* such that ?/' (1)1 51 is 



C°°. We can canonically continue '0 (7) |gi to an antiholomorphic function 

V'(z) = ^a„(z)" (37) 



n>0 



in D. Thus (1211) and ^ imply dM]) . ■ 

Proof of part 2: According to j21j the left invariant Kahler metric on T° 



is defined as follows on H.]^ rp. 



2^ ^1 (z) idzf' ^2 (z) (di)"^ (1 - \z\'y ^ A ^ 



27r 



(l-|z|2) ilji{z)^lj2iz)dz Adz. 



D 
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Since we know that the metric gives a canonical isomorphism between f2,]^^ r^oo 
the conjugate of the tangent space Tid^T^ we derive thatTid^T°° can be identified 
with all Beltrami differentials 

(1 - \z\^)^tP{z) (d^'^-^^ = MV ^ 

where {1)1^1 are C°° fmictions. So ([55)1 is proved. ■ 
Theorem [T51 and Lemma [53] imply Theorem ■ 



Corollary 24 Let \z\ < 1, ip{z) = ^^ftn (7)" ^ be a holomorptiic function on 

n=2 



We already proved that the quadratic differential ^p{z)d(^^^ G ft 



<S}2 ^ ^1,0 

id,T° 
02 



Then the Weil-Petersson norm of the quadratic differential ■!/)(z)(i(i) with 
respect to the left invariant Kdhler metric is given by 

UWw.p. = W = (*(^) ,^ W>L^(5M ^ IIV^(^)IIh-/^ • 

Corollary 25 Let G H~i'i(D), where m-^'\B) is defined by Q . Then 
the map F defined by Q is surjective isomorphism between the Hilbert spaces 
H-i'i(D) and H^/^i 

Proof: The definition ([3]) of H-i'i(I])), the definition © and the definition 
([7]) of the map F directly imply that the map F is surjective one to one. Part 
1 of Corollary [55] is proved. ■ 

Remark 26 In the paper 120] on page 23 it is stated "In this section we are 
going to endow T{1) (the universal Teichmiiller space" with a structure of a 
complex manifold modeled on the separable Hilbert space 

A2{n) l(t>holinO: \\(t)\\l ^ jj |0|^ {l - \z\^'^^ dz"^ 



of holomorphic function on D. In the corresponding topology, the universal Te- 
ichmiiller space T(l) is a disjoint union of uncountably many components on 
which the right translations act transitively". Later on page the authors wrote a 
paragraph; "4-2. Weil-Petersson metric on the universal Teichmiiller 
space. In this section we consider T(l) as a Hilbert Manifold. The Weil- 
Petersson metric on T(l) is a Hermitian metric defined by the Hilbert space 
inner product on tangent spaces, which are identified with the Hilbert space 
H^^'^ (D*) by right translations (see Section 3.3). Thus the Weil-Petersson 
metric is a right-invariant metric on T(l) defined at the origin of T(l) by 

{^jL,v)^p :^ jj ^w(l-\z\^)\z\ ^l,u^H-^■^{W) = nT{l). (4.2) 
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To every £ H 1, 1 (B*) there corresponds a vector field over Vq given by 
(2.5)-(2.7). We set for every n e Vq, 

:=^^,^^ = JJp{R{fi,>i))P{R{ii,K))dz'. (4.3) 

This formula explicitly defines the Weil-Petersson metric on the coordinate chart 
Vq . " In 1201 is claimed that that the inner product on A2 (D) given by 

\\mf--=^^JJ i^-i-i'YmzfdzATz^j:^^^^ (38) 

induces the Weil-Petersson metric. This is clearly the Hilbert space of the bound- 
ary values of holomorphic functions with finite —3 /2 Sobolev norm. The Weil- 
Petersson metric on the T°° should be induced by the norm of the Hilbert space 
of the boundary values of holomorphic functions with finite 3/2 Sobolev norm. 
See nW, IM and JM. 



4 3/2 Hilbert Complex Analytic Structure on 

r£00 

4.1 Special Properties of Two Operators 
Definition 27 Let h{z) e L'p (C) , define 

P {h{{<;)) - / H^) - ^) dxdy, (39) 

R R 

where z = x -\- iy. See /_/ / chapter V, part A. 
Definition 28 Let h{z) e Cq (C) , define 



dxdy I , (40) 



where z = x + iy. See JTI chapter V, part A. 

The following Lemmas were proved in [l] Chapter V, part A: 

Lemma 29 Let h{z) G (C) , p > 2. The function Ph is continuous and 
satisfies Holder condition, i.e. 

\Ph{,,)-Ph{,2)\<Kj,\\h\\^\^,-^2ti . 
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Lemma 30 For h E (C) , p > 2, the following relations hold 

iPh)^^h & {Ph)^^Th. (41) 
Theorem 31 For h E h^, p > 1 on C, we have 

\\Thl<Cp\\h\\^ (42) 

and 

limCp = 1. (43) 
4.2 Basis of ker (9^^) for /i^ G H^^'^(©) 

Theorem [32] was proved in 19J. The ideas of the proof of Theorem [32] are the 
same as in |19| . Some of the technical steps are simplified in the present proof. 

Theorem 32 Let ipi"^) '^'^ antiholomorphic function in the unit disk such 
that 

Let fi,p{z) — (^1 — \z\^^ "0(2") (dz (g) ^) e H]^ (D) be the Beltrami differential 
defined associated with fJ-ti,{z) = ^1 — jz]^^ We assumed that 



\\^^.^iz)\\^^ <k<i. 

Let choose p > 2 such that so that kCp < 1, where Cp is defined by Theorem 
131\ Let T be defined by gO| and (z) be: 

OO 

:.(")(z):=^T,"„(/i.4z)), (44) 

m=0 

where (mv,) = z^-\ Tl^ (m^) = T {fi^{z)z"-^) , T^^ (/i^) = T (/iv-T^^-i (/^^)) 
for m > 0. Define 

= + (i.(")(z) + z"-i))) . (45) 

Then for any integer n > we have that w^"' (z) is the unique solution of the 
following problem: 



^ (w(") (z)) - = (z) G LP (C) , 



f (a -^^9) («;(") (z)) =0, 
A(^(»)( 

. (46) 

(e*®) d6i = 



Proof: The proof of Theorem [32] follows the argument used in Chapter V 

in n. 
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Lemma 33 z/^") (z) are well defined functions on C and v^"'' (z) £ (C) . 

Proof: The linear operator h ^ T {ii^{z)h) on U' (C) has a norm < kCp < 
1. Therefore the series 

oo 

z.(")(z)=^T„",(m^(z)) (47) 

rn—Q 

is converging in L*' (C) . From here we derive that z/^") (z) £ (C) . Lemma 
is proved. ■ 

Lemma 34 We have 

z/(")(z) e l2 (c) & T (^^i4z) (z^("n^))) e (C) • (48) 

Proof: According to Theorem II 51 the function /i^(z) is bounded in the unit 
disk. We extended iJ.^{z) outside the unit disk to be zero. Thus nii^{z)z"^^ 
is a bounded function on C and zero outside the unit disk. Thus ^iip{z) G 
Lq (C). Ahlfors proved that the operator T defined by l|iD|) defines an isometry 
of Lg (C) . See Lemma 2 in Chapter V, part A in [T]. The definition of v^'^\z) 
and the above property of T implies that v'^^\z) G L^ (C) . We have 

llAiV'(2:)llL2(D) = -^^y" (^(l - 1^1^) IV^WI^ dz^dz. 

D 

Applying Schwarz inequahty and ||Mj/'(-^)IIl°°(d) < < 1 we get that 

IIm^WI|L(d)< |^^/(l-|^l')'lV'(^)|d^Adij <2. (49) 

Combining Theorem [31] with ^ and (gH]) we get dH]) . ■ 

Lemma 35 Let w'^"'^ {z) he defined by ( |^5[ ) . Then 1 ) w^") (z) satisfies in C i/ie 

aw(")(z) = nn^{z) (ly'^^Hz) + , (50) 

2) - z" e LP (C) w/iere p > 2 was already fixed, and 3) dw^''\z) e 1? (C) 
and w^'^\z) - z'' e L2 (C) . 

Proof of part 1: The definitions of w^"^ = z" + nP {^i^, (i/(")(z)) + z"-i) 
and of i^'^"-' (z) given by (M)) imply 

(z) - z" = nP (^^y, (i^(")(z) + z"-i)) . 
Lemma [301 and d o P = id imply that 
au.(") (z) = 9 (z" + (a*V' ('^'"^ (^) + ^""') ) ) = ^IH (2) (^^^"^ (^) + ^""') • 
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Part 1 of Lemma [551 is proved. ■ 

Proof of part 2: Ahlfors proved in Part V, B in Ij that if 



then 

Part 2 of Lemma [35l is proved. ■ 

Proof of part 3: Part 3 foUows directly from ^SU^ and (gS]) - ■ 

Lemma 36 We have 

dw^"'> (z) - nz"-^ = nzyf") (z) £ I? (C) . (51) 

Proof: We assumed that w*^") {z) is defined by . So 

au;(")(z)-nz"-i =n9 (p (/i^^ (z) + ) ) . 

Thus dP^T imphes 

The definition of the function imphes that 



T 

Thus 



- = nzy(")(z). (52) 

Since /x^ has a compact support and thus fi^ (j/'^"'(z)) , then 

G (C) ■ (53) 

Lemma [36l follows from ([52]) , (|53|) , the definition p4)) of z/("^(z) and Theorem 
[311 ■ 

Lemma 37 Let w^"\z) be defined by (g^ . Let $£^(z) := Id* • Then 

(z) is a holomorphic function given by 

oo 

$(:)(z) = z" + ^6,z-\ (54) 

4=1 

Proof: Since /i^ = in C — D = D* Lemma [5S| implies 

Id- = n9P [a^^ (j^'") + z"-^J 
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Ai^(z) Id. =0. 

Thus 

OO 

^^Hz) := Id. = + G{z) + J2hz-\ 

i=0 

where G{z) is an analytic function defined in C. Since by [T] 

d^w^^^z) - nz"-^ = ni^^"\z) e (C) 

we have G{z) = is a constant. So we we can choose Aq — 0. Thus $^■'(2) 
satisfies 

00 

4=0 

Thus y"w("^(z)^ = 0. Cauchy's theorem imphes Jtu'^'^^z)^ ^ 0. So 

■u;*^"-'(z), satisfies aU the three conditions in (j46| . Lemma [37] is proved. ■ 
Corollary 38 w"'{z) satisfies the Beltrami equation, i.e. 

au;(")(z)-/iv,(z)(9w(")(z) = 0. 
Proof: According to (|50|) we have dw^"'^ (z) — nfi^p (z) (i/^"^^)) • We defined 

Lemma [36] imphes 

au;(")(z) = + (55) 

Substituting ^ in ((501) we get dw''"\z) - (z) = 0. Corohary [33 is 

proved. ■ 

Next we need to prove uniqueness of the solutions of the Beltrami equation. 
If the Beltrami equation has two solutions Wj^""* (z) that satisfy the three con- 
ditions in (|46| then the difference w'^\z) — w^j^\z) = W^"\z) will be also a 
solution of the Beltrami equation. Therefore VF*^"-' Id* will be a holoniorphic 
function in L^. From here we deduce that W^^\oo) = and thus we found 
a bounded solution (z) of the Beltrami equation in (C) . But the Bel- 
trami equation is an elliptic. So by maximum principle of elliptic equations it 
follows that VF^") (z) is a constant and since M^(")(oo) = Owe get that it is zero. 
Theorem [35] is proved. ■ 

Corollary 39 The functions it;(") (z) are continuous functions on C. 
Proof: Corollary [35] follows from Theorem [3^ directly. ■ 
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4.3 The Embedding of H^^'^(D) into the space of Hilbert- 
Schmidt Operators on e§(H+,H-). 

We recall that for Hi and H2 Hilbert spaces, an operator T : Hi H2 is called 
Hilbert- Schmidt if for any orthogonal basis {eij^g/ of Hi we have 

^||re,ir 

If this is the case for one basis of Hi it is also the case for every basis of Hi. 

Theorem 40 Let fi^ e H^-^'-^(D) be a Beltrami differential where H^-^'-^(D) is 
defined by (0). Let 

IIM'/'IIl°°(d) 1^ k < 1. 

Then 

W^^ := ker9^^ := {/(z) \s^ G {S') \d^^ {f{z)) = } 

is a closed Hilbert subspace in ('5'^) and the projection operator pr : 
H+ is an isomorphism. See \19^ . 

Proof: First we will prove that 

Lemma 41 W^^ is a closed Hilbert space in {S^) ■ 

Proof: In [T] it is proved that |(u''^^(z))" I51 | form an orthonormal basis 

on W^_^ and any function f{z) on C that satisfies the Beltrami equation and 
has a finite norm when restricted on can be expressed as follows: 

m>0 m>0 

So Wp^, :— keri9^^|^i is a closed Hilbert space in (S^)- ■ 

Let (z) be defined by (O and (gS]) . We know by Lemma [35] that 
u;(")(z) - z" e L2 (C) . Thus u;(")(z)|^i G L^{S^). Theorem [31] implies that 

{u;(")(z) , n= 1,...} 

is a basis of the Hilbert space ker9^^ — W^^. From the definition of w'"''(z)|^i 
and Lemma [37] it follows that pr^^ (it;(")(z)|^i) = z"|^.i for n — 1,... is an 
isomorphism between Hilbert spaces. This proves Theorem 1401 ■ 

Theorem 42 Let fi^ e ]HI^^'^(D) be a Beltrami differential where H^^'^(B) is 
defined by Q and 

IImv-IIl-cd) <k<i. 

The projection operator pr~^ : W^^ — > H+ is a Hilbert- Schmidt operator. 
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Theorem 1421 was proved in [19]. The proof presented in this paper is techni- 
cally much simpler. 

Proof: The proof that pr^^, : H is a Hilbert-Schmidt operator is 

based on the following observation. According to Theorem 201 P^'^^ • 
H"*" is an isomorphism. Therefore if we prove that 



is Hilbert-Schmidt operator then it will follow that pr^^ : W^^, 
Hilbert-Schmidt too. The proof of this fact is based on several Lemmas 



(56) 
H+ is 



Lemma 43 We have 



pr 



Ml/. 



(.(")(.)|J 



n P 



= y^ane 

51 ii>0 



(57) 



w(")(z) 



Proof: According to Lemma l37l and Theorem |32] the restriction of i/;^"-'(z) 
on B* is a complex analytic function such that it is in IjP (C) . So ([54|) implies 
that 

J2a,z-^. (58) 

The space iJ_ defined by (fT3l) is spanned by z^^ for j > 0. On the other hand 
Theorem implies that w*^") (2;) are restriction of holomorphic functions 
from D* on and they form a basis of W^^, . Thus (f58|) implies that 



i.jiO 



Lemma [43l implies that 



= nP 



n>0 



n>0 

Coo 
?n — 1 
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(59) 



Thus ((57|) is proved. Lemma l43l follows directly. ■ 

Lemma 44 Let (^pry^^ ^pr^^^ (^"LO : '^Li^ denote the scalar product in 
the Hilbert space L^(S'^). Then we have 



E 



L2(Si 



, i- — 1 \ / 



n.k—1 



< 00. 



(60) 
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Proof: We are going to use the convention that z = rexp(z6'). An elemen- 
tary application of Stokes' theorem and ((57|) gives that 



(pr+^)"'(z"|,OexpHfc0) 



de = 



ZTTl 



\m— 1 

But, from the construction of 



dz K{z^-^dz). (61) 



w 



(") = z" + nP 



^^m— 1 



9P = id, and the definition of i^'"' (z) we have that 



d P 



So substituting ([S^ into (pT|) we get that 



dz A c?z. 



(62) 



(63) 



Cauchy-Schwarz (for the inner-product of L^(D)), applied to the right hand side 
of equation ([63|l gives: 



n \m=l / 



dz A 



< 



24 



c 

2ni 



oo 



dz f\dz \ I ^ — : / (/i^)^ Iz]^*^ dz /\dz \ < 



We are going to estimate each of the norms of equation (|64p . 
Proposition 45 T/ie following inequality holds for n > 2: 

7^ — / dz Adz < — —, —-, -7- 

27riJ ' ' - n{n + l){n + 2){n + 3) 



(64) 



(65) 



Proof of ([65)) : We have 
1 

2TTi 



(/i^)^ dz /\dz 



2-K 1 



dr. 



^ / /^^"^')^l'^(^) I' dr de = J {1 - r^ \i; {z)\\^''-^ 



By Theorem (Ull) we have \ip {\z\)\ < C(l - |z|)"" for < a < 1. So 

1 

^/ (A.^)'|zr-'d^Adz< / ((l-r2)2|^(7)|)'(l-r2)V"-idr< 



((l-r2)2(i-")) (1 - r2)V2"-idr. 



Direct computations by integrations by parts and using that < a < 1 and 
thus — 1 < 1 — 2a we get 



(1 - r2)4-2"r2n-l^^ ^ ^ / (1 _ ^2)4-2a^^2„ ^ 

2n.' 



2?! 



^d((l 



2n ./ 
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(4 - 2a) 
2n 



(4 - 2a) 



(1 



(4 - ^2)3-2a^^2„+2 



2n {2n + 2) 



i 1 
J 2n[2n + 2)J 



2n (2n + 2) 



Integrating twice by parts the expression 



(4 - 2a) 



^2n+3(^^ _ ^2^2-2a 



we get 



2n (2n + 2), 
u 

/ "^dz/xdz 

2m J 



dr 



(1 _ r2)4-2"^2„-i^^ < 



n{n + l) {n + 2) (n + 3) ' 
u 

is proved. ■ 
Proposition 46 Lei V'('z) = y~^apZ^~^. T/ien 



(66) 



0=2 



m— 

CXD 



m=l 



< 



L2(E 



L2(D) 

1 - Co 



1 



p=2 



n(n + l)(n + 2)(n + 3) 



< oo. 



< 



(67) 



Proof: According to [T] the Hilbert transform T is an isomctry of L'^{C). 
By the definition of the operators T^{fi^) = T (^^r,"_i(/^i/,))and Tq = ^^z"^^ 
and and the above resuhs in P] imply that we have 



||T;^||'<co||T„Vi|r<...<cJ,MU^z"-i 



|2 



where cq '=:"'^ IIM'/'IIl°°(d') Thus we have 



< 



L2(D) 



Co 
1 - Co' 



(68) 
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Next we need to estimate 

II ' ^n-\\ ||2 



|z|^" dz f\ dz. 



We proved that //^ is a bounded function on C. (|65p implies 



L2( 



< 



c 



n(n + l)(n + 2) (ra + 3) ' 



< 



n(n+l)(n + 2) (n + 3) 



(69) 



Proposition |46] is proved. ■ 

To conclude the proof of Lemma [33] we will use the two estimates ([55]) and 
(p7|) above for the norms that appear on the right hand side of equations 
and (IMl) to get 



E 



(z") 



< 



,k-l\ 



E (ll^^^" IIL^ 

k—l.n—l.ni—l 



2 

L2( 



1 



A:(A; + l)(/c + 2)(fc + 3) / \ n (n + 1) (n + 2) (n + 3) 
Lemma l44l is proved. H Lemma l44l implies Theorem 1421 ■ 



< oo. 



4.4 Differential Geometry of the Segel Wilson Grassman- 
nian 

Definition 47 1. The Segal- Wilson Grassmannian Groo is defined as the set 
of all closed subspaces W ofJj'^(S^) — ® H~ such that the projection 

pr+ : W ^ H+ 

is Fredholm and the projection 

pr : W ^ H 

is Hilbert-Schmidt, where H is the space of complex functions on . 2. A 
linear operator A £ GLi.os(L^(S'"'^)) iff the following conditions are satisfied: A. 
A is an invertible bounded linear operator o/L'^(S'^) onto itself. B. If we write 
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A in block matrix form with respect to the decomposition 'L'^(S^) = H"*" H 
as 

then, the operators b and c are Hilbert- Schmidt operators. 

In [17] it is proved that GLres(L^(5'^)) acts transitively on the Segal- Wilson 
Grassmannian so it is a homogeneous space. It has a natural left invariant 
metric defined in Section 7.8 of [T7]. It is enough to construct the metric at the 
point H+ = H+ ® {0} G Groo. Note that 

7k+,G.^ =H§(H+,H-), 

where HS(H+,H^) denotes the space of Hilbert-Schmidt operators from H+ 
into H^. Hence there is a naturally defined scalar product on Tff^ croo by ip 
and X in 

(^,x) rr(v*x), (71) 

where tp and x G Tu+fir^ 0- 

We proved in [T^] the following Theorem: 

Theorem 48 Let {"iAfc} be an orthonormal basis of 

Th+M^ = H§(H+,H-) C Horn (H+,H-) . 

Then, 

a. The left invariant metric defined by ((71]) is Kahler and the component of 
the curvature tensor with respect to the orthonormal basis {tpk} is given by: 

= -%^fel - ^ij^k] + Tr (^.^; A tPk^i) + Tr {i,,ri A i^k^*) 

for ^ (fc, I) and Rq fj = -2(5.-j + Tr (V'i^A* A V'feV'i*) • b. Let tp be any com- 

plex direction in the tangent space Tn+Gir^. Let be the Gaussian sectional 
curvature in any the two-dimensional real space defined by Ketp and Imtp. Then 
we have Ktp = -2 + Tr{tp->p* A tp->p*) < -|. 

4.5 The Embedding of EI^-^(D) into the Tangent Space at 
a point of the Segal- Wilson Grassmannian 

Theorem 49 Let fi^ G H-i'i(D), where M.-^^'^{B) is defined by Q . Let us 
define the operator A^^^ : H+ H. affiliated with the Beltrami differential 
fi^ {dz ® -j^) as follows: 

A,^{f{z)) := ipr-^^ {{P^ty (/(-))) , (72) 



^Our definition differs from the one used in [17] by a factor of 2 
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where A is such a positive number that 

II vviil-(d) = 11^(1 - l^n'^(^)|lL~(D) < ^ < 1- 

Then the map 

L:fi^,(d^(E)^^^Af,^, (73) 

defines an embedding of the Hilbert space M~^^^(D) into the Hilbert space Th+^q^^ = 
]Ht§(H+,H~) and so t (]HI~^'-'^(D)) is a closed Hilbert subspace in Th+^g^oo = 
HS(H+,H-). 

Proof of part 1: The definition of H-i'i(D), Theorem and Theoremgni 
imply that the map given by ([75)1 defines a map from ]HI~^'^(D) to the space of 
Hilbert-Schmidt operators HS {H^, . The proof of Theorem l49l foUows from 
the Lemma bellow: 

Lemma 50 Let ^^-^ and be two different elements of W^^'^ {W). Then A^^ ^ 
znH§(H+,H-). 

Proof: The definition of the linear operators A^^ implies that W^^ are 
the graphs of the operators A^^ . If we prove that the graphs W^^^ and W^^^ of 
the operators ^^^.are different Hilbert subspaces in L^(S'^) then A^^_^ ^ ^mv2' 

Let us consider the unique quasi-conformal maps '^i{z) of C U oo := CP"'^ 
defined by 

($.(z)) = o 

for i = 1, 2 which satisfy condition of Theorem[5^ Let $i.oo(^) = ^i{z) |d* • 
We will prove that the assumption il)i{z) ^ '4^2{z) implies that <i>i,oo(lD'*) 7^ 
$2,oo(D*)- Theorem mi will follow. 

Proposition 51 Suppose that $1,00(10*) 7^ $2,00 (©*) then W^^ ^ in 

Proof: If we normalize ^i,ao{z)^^-^ , J I'I'i, 00(2)1^ dz Adz = 1, then accord- 
ing to [1] the functions 

{($».oo(2))", forn- 1,...} 

are holomorphic in <I>i,oo(IQ'*) and form an orthogonal bases for W^_^ . So from 
this fact we deduce that W^^^ = W^,^^ if an only if $1^00 (©*) = $2, 00(10*). 
Proposition [51] is proved. ■ 

Proposition 52 ?Ai(z) ^ V'2(z) implies $1, 00(113*) ^ $2,oo(]D'*)- 

Proof: The proof of Proposition follows from the following 
We assumed that the functions V'l (z) is different from ip2 {z) . So the definition 
of n^{z) = (1 - |zp) V''(^) implies 7^ ijji ^ V2- 
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Proposition 53 Suppose that ipiiz) ^ "02 (^) then for any conformal map A of 
B*, $1,00 (B*) ^$2,00 (^(D*)). 

Proof: Suppose that ipi (z) 7^ ip2 {'z) and for some conformal map A of D* we 
have f&i.oolB*) = ^"2.00 {A (D*)) . We will show that this assumption contradicts 
Theorem \5\ One of the basic properties of the Schwarzian states 



S 



<i>[A[^ 



= S 



z 



for any conformal A map of W . Theorem [5] implies that 



$1.00 A 



^2 (z) = S 



$2 



A 



So we get a contradiction. Proposition [53] is proved. ■ Lemma [30] is proved. I 

Lemma 54 Recall that W^^'^{^) is the subset in M^^'^{B)) which consists of 
functions (1 — |zp)^'i/;(z), where ipi'z) is antiholomorphic function in the unit 
disk, 



and 



\{i~\zfrm 



< fc < 1. 



Let 



i3/2 : H]^ ^'"'"(D) — > Hg(^^ be a linear map defined by: 

.3/2 {{i-\z\')'m)^^{-^)y , 

where ^' (z) is given by @ . Then continuous map and ^IHI^^'"'^(D) 

is an open set in Hg{^^^. 



Proof: Let *o(z) = 13/2 ((1 - |zpV'(^)) & Hg(\. We need to show that 
there exists e,5 > such that if 



sup (1 

\z\<l 



\iJiz)-Mn<s 



(74) 



then 



We proved that 



|*(z)-^'o(z)||h3/2 <£. 



\^{z) - *o(^)|Ih3/^ = ll^(^) - 0o(^)|Ih-3/2 



Recall that if 



n=2 
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then 



Then dTJ) impHes that 



IKV-W - V-oC^)) Isi 



(l-|z|2) |V(z) - Vo(2)|d^Adz < 



sup (1 - \zY) IV'(z) - Vo(^)| dzAdz< — 



\\z\<l 

On the other hand we have 



2n 



Lemma [S3] is proved since e = ■ 

According to Lemma IMIh}'^ (D) is an open set in r^^'^^oo- Nag proved that 
the map t : HJ'^ (D) HS (H+, H~) is an isometric embedding when restricted 
on all /i^ such that ip{'z) I51 e C°° (C) with respect to the left invariant metrics. 
According to Lemma [54l M\'^ (P) is an open set in TfJ^^. Thus the linear 
map i is an isometry and one to one on an open and everywhere dense subset in 
H}'^ (D) into the Hilbcrt space HS (H+, H^) . This implies that t is a continuous 
map from the open set H}'^ (D) of the Hilbert space in H-'^^-'^ (B) into the Hilbert 
space HS (H+ , H~ ) . So l will be a continues linear map of the Hilbert space 
Hi'i (D) into the Hilbert space HS (H+, H") . Theorem |39] is proved. ■ 



4.6 Hilbert 3 /2 Manifold Structure on the T°° and the 
Exponential Map 

Definition 55 We recall that a submanifold S of a Riemannian manifold M 
is called totally geodesic at p if each M -geodesic passing through p in a tangent 
direction to S remains in S for all time. If S is geodesic at all its points, then 
it is called totally geodesic JSj/. 

Theorem 1561 was proved in [19j . We reproduced the proof of Theorem 1561 in 
the Appendix of the paper. 

Theorem 56 Let ip e HS(H+,H^) = Tn+.Groo- L^t exp he the map from 
HS(H"'",H~) = Th^.gt^ to Groo defined by the left invariant metric. Then the 
complex curve Jiii{s) — exp (s'0) C Groo is a totally geodesic complex subman- 
ifold of complex dimension one in Groo and 7^(s) = exp (s?/;) exists for all 
s e C. 
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The following analogue of the infinite dimensional complex analytic analogue 
of Hadamard's theorem was proved in (191 based on Theorem 1561 

Theorem 57 The complex exponential map defined in Theorem \56] is a covering 
complex analytic one to one map from the tangent space Tid.Gvaa onto Groo- We 
reproduced the proof of Theorem \5T\ in the Appendix of the paper. 

Based on Theorems [56] and [57] by using very easy and standard arguments 
we will give a very simple proof of the following Theorem: 

Theorem 58 The completion T"^/^ of with respect to the left invariant 
Kdhler metric defined by \15\ is complex analytic Hilbert manifold isomorphic 
to the totally geodesic closed Hilbert submanifold exp (t (H^"'^'"'^(D))) in Groo, 
where l : H^"'^'"'^(I])) HS (H+, H~) is the embedding defined in Theorem \49[ 

Proof: A Theorem of Nag proved in [14] that T°° with the left invariant 
Kahler metric is isometrically embedded Groo ■ For each complex direction 

e (H|(y « i (H-i^i(D)) c rH+,Gr^ = H§(H+,H-) 

the exponential map defines a complex analytic isomorphism between the com- 
plex line sip and totally geodesic one dimensional complex submanifold 

:= 7(s) = exp (sip) C Gj'oo 

in the direction ip. According to Theorem [35] t (]HI"^'^(D)) is a closed Hilbert 
subspace in Th^ ,Groe • Thus Theorem ?? imphes that T^/^ := exp (t (H-i^i(]D)))) 
is a closed totally geodesic complex analytic submanifold in Groo containing the 
image of T°° in Groo- According to Cor. [23 the Hilbert space ]HI~^'^(I])) is 
isomorphic to the Hilbert space H|^(^^ . Theorem [551 is proved. ■ 

Corollary 59 The complex analytic Hilbert structure on T^/^ is modeled by 
the Sobolev 3/2 space H^(^^. 

Proof: Corollary follows directly from Theorem [21] and Theorem [5S] ■ 

Definition 60 By definition the infinite- dimensional Siegel disc is the set of 
Hilbert- Schmidt operators T : H"*"^ H~ are such that det(/ — TT*) > 0. 

Corollary 61 T^/^ « exp (t (H-i^i(D))) is a totally geodesic complex analytic 
Hilbert submanifold isomorphic to the infinite- dimensional Siegel disc defined by 
the mibert-Schmidt operators T E l (H-I'I(ID))) C HS(H+,H-). 

Proof: Theorems [SHJ [57] and the definition of the complex analytic expo- 
nential map imply that exp (t (]HI~^'^(I1)))) is a totally geodesic closed complex 
analytic Hilbert submanifold in Groo- We proved that any two points in both 
spaces can be joined by a unique geodesic and exp (t (IHI~^'^(D))) is geodesically 
complete. This implies that exp (t (]HI^^'^(I])))) can be isometrically identified 
with the infinite-dimensional Siegel disc defined by the Hilbert- Schmidt opera- 
tors T e t(H-i^i(ID))) . ■ 
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Corollary 62 The space T^/^ := (DifF+ (S'i)/PSUi.i)^^^ equipped with the 
unique invariant Kdhler metric has negative curvature in holomorphic direc- 
tions. More precisely, the curvature is negative and uniformly hounded away 
from zero in holomorphic directions. 

Proof: According to the Theorem of Nag proved in T4], the embedding 
of T°° into the Grassmannian is isometric. Since T°° is an everywhere dense 
subset in T^^^, Theorem HUl imphes the Hilbert manifold T'^/'^ is isometrically 
embedded into Segal- Wilson Grassmannian Groo- Cor. [S^ followed directly from 
Theorem gSl ■ 

5 Appendix 

5.1 Differential Geometry of the Segel Wilson Grassman- 
nian 

Theorem 1481 Let {ijjk\ be an orthonormal basis of 

Tn+Groo = H§(H+,H-) C Horn (H+,H-) . 

Then, 

EL. The left invariant metric defined by (j7ip is Kdhler and the component of 
the curvature tensor with respect to the orthonormal basis {i^k} is given by: 

Ri]M = - %'5fe7 + Tr (^,^; A Vfe^;) + Tr (^,^; A ^.V*) 

for {i,j) ^ (fc, /) and Rq q = -25q + Tr {ipiipj A -^feV';*) • t>- Let ^ be any com- 
plex direction in the tangent space Tjj+Groo. Let be the Gaussian sectional 
curvature in any the two-dimensional real space defined by Re?/; and limp. Then 
we have 

KiP = -2 + Tr (V'V'* A V'V'*) < 

Proof of part a: The proof is based on the construction of the so-called 
Cartan coordinate system in [TH]. By that we mean a holomorphic coordinate 
system (cc^, x^, . . . ) in which the components of the Kahler metric tensor gq{x) 
is given by the formula: gq — 6q -\- fq qx'^x'' -\- 0(1x1^). Cartan proved that 
if the coordinate system satisfies this last equation, then r-T -7 — — i-R,T,7- 
where Rq is the curvature tensor. To prove part a) we construct the Cartan 
coordinates in Groo: 

Definition A. 48.1 Let ipi be an orthonormal basis of H§(H+,H^). Let 

00 

ipt = ^tiip, G HS(H+,H^). 

1=1 

Let the subspace of H+ © be spanned by the set 

{1 (pt(l), z + ipt{z), . . . , z" -f <^t(z"), . . . }. 
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Obviously, Wt is the graph of the operator ipt- We define the exponential map 

exp : H§(H+,H-) ^ Gr^o 

as follows 

exp (Y^t.tpA = Wt e Groo. (75) 



\i=l / 

Thus t = (ti, t2, . . . ) will define the local coordinates in some open set U C Groo 
of the point corresponding to H"*" € Groo- 

Lemma A. 48. 2 The following expansion near t = in the coordinates 
t = {ti,t2, • . . ) holds 

f - \ 

=logdet l-V^f^V^iV* = 

dPdti \ 1^3 ) 

^il + (2% - Tr i^irj A ViV-D) t'¥+ 

E i^^l^ki + kAl - Tr (ViV'l A Vfei/'D - Tr [x^^ri A VfeV'*)) t^'tK 

Proof: Let f{t) = det (^id - E t'^^V'iV'i ) , then 

^Llogdetfirf-VfF^iV*) =^^r'-|^ = r'- (76) 
From the definition of the determinant, we have that 

det I id-^fPt}}^f* 

\ ij 

1 - E Ti{^i^*)ft^ + ^ Tv{iPiiP* A 4>k^i)1^t^t''¥ + h.o.t. 

i,j,k,l 

Hence, 

^2 , _ , _ 

det [id -Y,t'p^irj) = + M^irj A 

E Tr {iJiij* A i^ki^l + V'iVr A ^fcVi ) + h.o.t, 
J- det f id - ^ fPi^ii^* 1 = - I] Tr(^i^;)fi + h.o.t., 
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and _ 

£= det (id - V fPip.i;*) = - V TT(^kip*)t'' + h.o.t.. 

gp \ ^ J) J 

Furthermore, 

^ = 1 + i'i^Tr(V'»V;) + h.o.t 

det \ id-Y,m^ii)*^ 

and 

■ = 1 + 2 ^ f iJ'Tr(V'., + h.o.t. 

Substituting the last 5 equations into equation (j76p we obtain the resuh. Lemma 
A. 48. 2 is proved. ■ 

Lemma A. 48. 2 imphes that the coordinates (ti,i2,...) forms a Cartan 
coordinate system. Thus, for (i, j) 7^ get: 

and 

So we proved 

Corollary A. 48. 3 The left invariant metric on Groo is Kdhler with a po- 
tential fog det (id — '^2 t^t^'fpi'ip*^ . 

This concludes the proof of part a of Theorem ■. 

Proof of part b: To prove part b) remark that the Gaussian curvature in 
the direction ipi is given by 

Now, if ipi = if, we complete the set {"01} to an orthonormal set in the Hilbert 
space Tn^fir^- Hence, from the previous discussion it follows that — —2 + 

Lemma A.48.4 // Triip-tp*) = 1, then Tr (a^^*) < h- 

Proof: Note that LpLp* is a compact positive operator and hence its nonzero 

eigenvalues are all positive. Let {A^} be the set of nonzero eigenvalues of i^aiys*. 

Since iptp* is trace-class and \ \<p\\^ = Tr((p(p*) = 1 imply that 

Tr(^^*) = ^A, -1. 

i 

A simple argument with tensor products gives 
We have 

i=fE^^) ^25:a.a,+5:a?. 

\ i / i<j i 
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From here it follows that Tr{A^(pip*) < 1/2. Using the formula for the curvature 
in holomorphic direction ip it follows that K^p < —3 /2 < 0. ■ Lemma A. 48. 4 
implies part 2 of Theorem H51 Theorem H51 is proved. ■ 

Definition A. 48. 5 We recall that a submanifold S of a Riemannian man- 
ifold M is called totally geodesic at p if each M-geodesic passing through p in 
a tangent direction to S remains in S for all time. If S is geodesic at all its 
points, then it is called totally geodesic [8]. 

Theorem [SS] was proved in [TH] • We reproduce the proof. The reason is to 
make this paper self contained. 

Theorem 1561 Let ip S ]HI§(H+,H^) = Tn+.croc.- ^^P "^"^P from 

]HIS(H+,H^) Tn^fir^ to Groo defined by Definition A. 48.1 Then the com- 
plex curve 7^(s) = exp (sV') C Gr^c is a totally geodesic complex submanifold 
of complex dimension one in Groo and 70 (s) — exp {sip) exists for all s G C. 

Proof: The proof of the Theorem [56] is a consequence of the following two 
results: 

Lemma A. 56.1 Let ip G HS (H+,H^) be such that — 1 and 

s{t) = So + ^e*^ 

with 9,t €z A be a line in M. Let "fip{s{t)) := exp{s{t)ip) be a curve in Groo- 
Then, the norm of the tangent vector 7^ to the the path "fip{s{t)) has a length 
one, i.e. (s(t))|l = 1. 

Proof: By the definition of the exponential map the line s{t)ip) in the 
Hilbert space H§(H+,H~) corresponds to the family of Hilbert subspaces 
:= 7^(s) C H+0H^ in Groo spanned by the vectors 

s(t)^(l),...,sW^(z"),.... 

With respect to the decomposition H = H+ ® define the block matrix 

^ ^ / id S1/1* \ 
* y sip id J 

From the definition of W^. we have = AgH.'^. Let 

T:H+eH-^H+ffiH- 

be any bounded operator. Using that Graph{T) is perpendicular to Graph' (T*), 
where 

Graph' (T) {{-Tx, x) \x e Dom{T) }, 

we get = AsHr . Hence, the matrix As maps H = H+©H" into Ws®W;!' 
and preserves the direct sum decomposition. It is well known that the operators 
{id + ssipip*) and {id + ssipi*ip) are invertible. The following relations can be 
checked easily: 

{id+ s's%p*ipy^ip* ^ ip*{id+ ssilji/j*y^, (77) 

and 

ssV'V/)"V = ip{id-\- ssip*-)p)~'^. (78) 
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Therefore, 

._i _ f id sip* \ f {id+ ssip*'>]j)-^ 
" ^\siIj id )\ {id+ ssifji}*)-^ 

f {id + ssip*^)~^ \ f id s^* \ 

y {id + ssip^p*y^ J y sip id J' 

To compute the norm | |7)/'(s(i))| I, we use the identification of ^^^(tj^Gr^ with 
HS(W^(i),W^(j)). The latter, is mapped onto H§(H+,H") by means of X 

Aj^XAs |h+ ■ From the invariance of the metric we have that the norm of X € 
Tw.Gr^ is given by 

\\X\\' - Tr {{A-'XA, |h+ TiA-'XA, |h+ .)) • (80) 

Since, 

a technical but straightforward computation with X — ^^{3(1)) taking into 
account equations ([TT]) . ([TS]). and ([79]) yields the Lemma A. 5 6.1. ■ 

Lemma A. 56. 2 Set 7^(s) = j^^,p{s) and assume that ||7^(s)|| = 1. Let V 
be the covariant derivative in Gtoo given by the Levi-Civita connection. Then, 

^i^s) {%{s)) = 0. 

Proof: Let s S M and 7^(s) be a geodesic in our Kahler manifold. For each 
point s of the geodesic 7i/>(s) we define a complex direction as follows: 

7'^(s) + ili^{s). 

For each s in 7^ (s) we consider a geodesic Tj^ (s) and so each point r on the 
geodesic from s with direction Xj^{s) we have two tangent vectors. The first, 
air), which is the parallel transport of 70(3) and the second /3(r) which is given 

by ^ 

P{t) = —li^is), 

and is the parallel transport of 2^'^. The Kahler condition implies that the 
complex structure operator is parallel with respect to the Levi-Civita connection 
of the metric. From here we get that for the Lie bracket [7(s),X7(s)] of the vector 
fields we have [7(s),X7(s)] — 0. Hence, it follows from Frobenius theorem that 
there exist a surface S such that the tangent space is spanned by a{s) and /3(s). 
Since, 

I(a(s) + i(3{s)) = i{a{s) + z/3(s)) 

it follow that S' is a complex analytic curve and we can take z as a complex 
analytic coordinate associated to the point 

z = exp(x7;^(s) + iyJi^{s)). 
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Let's write — 7,/,(s) + iTj^(s). From the properties of the Levi-Civita 

connection and ||/i(z)||^ = const it follows that 

O^^II/iWlHso =2(V,A(z),/i(z)) =0, (81) 



and so 



iiAwinso =iiv./iwii^-i?v,ii/iwii^ = o. 



dzdz 

Since R,p < 0, we have VzfJ-iz) — 0. Restrict Vzfi-iz) on the real part at so and 
we get that Vz7'i/)(-z) = 0- Hence, taking Rez — 7^, we have Vy^(s)7j/i(s) Is,, = 0. 
Lemma A. 56. 2 is proved. ■ Theorem [551 is proved. ■ 

In this section we will prove the infinite dimensional complex analytic ana- 
logue of Hadamard's theorem, to show the existence of the complex analytic 
manifold structure m-^''^{B)) on T°° . 

Theorem 1571 The complex exponential map defined in Theorem \56l is a 
covering complex analytic one to one map from the tangent space Ti^fir^ onto 
Groo. 

Proof: The proof Theorem [57| is based on Theorem [56] 
Lemma A.57.1 Let ip e TH+,Gr^ = HS(H+,H") and \\iP\\hs = 1- Then 
the exponential map restricted to one dimensional complex suhspace 

{ciP\c e C, V G HS (H+,H-)} c rH+,Gr^ = H§ (H+,H-) 

and taking values in the totally geodesic submanifold is a complex analytic 
diffeomorphisms. 

Proof: To prove Lemma A.57.1 we use that the curvature in the holomor- 
phic direction is negative. This fact implies that we have 

II (dexp(cu;)) (w) II > ||w||. (82) 

For the proof see [5] . From a standard result in (finite dimensional) differential 
geometry states that ((82|) implies that the map is a local diffeomorphisms and 
thus it is covering. Furthermore, if ci 7^ C2 then 

W,,V := i^d + Clip) {H+) ^ W,,^ := {td + C2V) (H+) . 

Hence, exp(ci'(/') ^ exp{c2ip). Thus the exponential map 

exp : cip exp (cip) — 

is a diffeomorphisms. Next we will show that it is complex analytic map. We 
need to show that if G Te^p{cirp),D^, then J (1?) G roxp(ci^),D^ , where J 
is the complex structure operator, v is obtained by a parallel transform of a 
vector ~vo G To.^i^ along the total geodesic submanifold D^. We know that 
J (^0) G 2o,_D^. Since the metric is Kahler then VJ = 0. Since is a totally 
geodesic submanifold, then by the parallel transposition ^0 G 7o,£)^, goes to 
G roxp(cii>),_D^ • So VJ — and is a totally geodesic submanifold imply 
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that by parallel transport of J(l?o) G ^o,d^ goes to J {~v) & ?oxp(cii/.).Li^- 
Lemma A. 57.1 is proved. ■ 

Suppose that ■01 and 1^2 are linearly independent vectors. Then the con- 
struction of exp and (f5^ imply that complex curves {exp{t'ipi)\t e C} and 
{exp{t'ip2)\t € C} intersect only at the identity. These arguments imply that 
exp is a complex analytic isomorphism of some open set Tidfir^a an open 
set in Groo. Since the curvature of the Kahler metric is negative in complex 
direction then (|82p implies that the exponential map is surjective. Theorem ?? 
is proved. ■ 
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